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Quantum embedding learning on variational photonic quantum
circuits
Guanheng Ren1,2,3,4†, Donglai Wang1,2,3,4†, Lizheng Yan1,2,3,4, Yuancheng Zhan5, Yiming Ma6,7*, Zhanshan Wang1,2,3,4,
Hui Zhang1,2,3,4* and Xinbin Cheng1,2,3,4*

 

Abstract: Quantum embedding is a key technique in quantum machine learning, mapping classical data into a high-
dimensional Hilbert space through parameterized quantum circuits to enhance data separability. While effective on
general quantum devices, its implementation on photonic platforms faces severe challenges, as entangling gates rely
on  post-selection  and  lead  to  exponentially  decreasing  success  probabilities  when  cascaded.  To  address  this,  we
propose a quantum embedding learning approach tailored for photonic quantum circuits, which incorporates multi-
photon post-selection into a variational ansatz, enabling the efficient generation of entanglement while maintaining
circuit scalability on NISQ devices. By training the transfer matrices, our method achieves the desired photon distri-
bution probabilities and input-output correspondence. We demonstrate its versatility through three tasks: Bell-state
projection, quantum support vector machines (qSVM), and quantum clustering of K-means. The experimental results
indicate  enhanced  performance  in  state  discrimination,  classification,  and  clustering,  showing  that  the  method
provides a practical route to implement quantum embedding in integrated photonic circuits.

Keywords:  photonic  quantum  circuits; quantum  embedding  learning; variational  quantum  circuits; photonic
integrated circuits; integrated quantum photonics

 

 Introduction

|x⟩

In quantum machine learning tasks involving classical data,
a  critical  initial  step  is  quantum  embedding,  which  maps
classical  data  into  a  high-dimensional  Hilbert  space  via
quantum  circuits,  thereby  enhancing  data  separability1−3.
Quantum  embedding  can  be  implemented  via  various
encoding  schemes,  including  angle,  basis-state,  and  ampli-
tude  embedding,  where  parameterized  quantum  circuits
map  input  data  into  quantum  states ,  and  quantum
measurements  enable  classification  or  other  learning
tasks4−6.  Resonating  with  metric  learning7,8,  quantum
embedding is central to harnessing the learning potential of
quantum  computing,  as  it  determines  the  expressivity  and
trainability of quantum models9−12.

Existing studies on quantum embedding primarily focus
on  efficiently  mapping  classical  data  within  quantum

circuits, treating the embedding process as an optimization
problem.  Representative  works  include  directly  training
feature  mappings  via  quantum  metric  learning  to  enhance
data  separability13;  leveraging  quantum  random  access
codes  to  increase  the  expressive  power  of  embeddings14,15;
and introducing trainable quantum embedding kernels that
combine  kernel–target  alignment  with  noise  mitigation
strategies  to  achieve  robust  classification16−18.  In  addition,
some studies  integrate  quantum embeddings  with  classical
kernel methods, demonstrating their potential  applicability
within conventional machine learning frameworks19,20.

From  an  implementation  standpoint,  integrated  quan-
tum  photonic  circuits  represent  a  vital  platform  for  quan-
tum  computing.  Characterized  by  scalability,  stability,  and
programmability21−24,  integrated quantum photonic circuits
have  demonstrated  significant  potential  in  chip-scale
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quantum  communication25,26,  quantum  information
processing27−29,  Boson  sampling30−32,  and  the  quantum
simulation of chemical and physical systems33,34.  Moreover,
owing  to  their  programmability,  integrated  photonic
circuits also show promising applications in emerging areas
such  as  quantum  machine  learning  (QML)35.  However,
conducting quantum embedding research on photonic plat-
forms faces distinct challenges. The primary difficulty arises
because  the  implementation  of  entangling  gates  typically
relies  on  post-selection,  rendering  the  operations  inher-
ently  probabilistic.  Consequently,  directly  employing
parameterized  ansatzes  of  the  conventional  circuit-model
leads to a drastic decrease in the probability of success when
cascading multiple  entangling gates36−38.  In the noisy inter-
mediate-scale  Quantum  (NISQ)  era,  this  issue  is  exacer-
bated  by  the  lack  of  mature  fault-tolerance  mechanisms,
imposing substantial limitations on the achievable depth of
photonic quantum circuits39.

W(⃗θ)

While NISQ devices are constrained by noise and limited
depth, they offer significant potential for quantum machine
learning,  particularly  through variational  quantum embed-
dings that map classical data into high-dimensional Hilbert
spaces.  However,  realizing  such  embeddings  on  integrated
photonic  platforms faces  a  critical  hurdle:  the  probabilistic
post-selection required for non-linearity cannot be directly
cascaded  in  a  modular  fashion  without  exponentially
diminishing  success  rates.  To  resolve  this,  we  reformulate
the  embedding  process  not  as  a  sequence  of  independent
layers,  but  as  a  unified  trainable  non-unitary  mapping
matrix .  By  treating  the  circuit  evolution  and  post-
selection  as  a  holistic  operator  constrained  by  normaliza-
tion,  we effectively bypass the cascading bottleneck,  ensur-
ing  a  physically  realizable  and efficient  implementation on
realistic hardware.

W

K

Here,  we  propose  a  quantum  embedding  learning
approach  based  on  photonic  quantum  circuits.  It  intro-
duces  a  multi-photon  post-selection  mechanism  within  a
variational  ansatz,  enabling  the  generation  of  complex
entanglement  while  preserving  the  dual-rail  structure.  By
parameterizing and optimizing the ansatz weight matrix ,
we  efficiently  approximate  the  target  quantum  output
photon distribution on finite-size  NISQ platforms,  thereby
enabling optimized learning for specific quantum tasks. To
demonstrate  the versatility  of  this  approach,  we apply it  to
three  representative  tasks:  i)  designing  a  projector  capable
of  simultaneously  distinguishing  all  four  Bell  states,  high-
lighting  the  potential  of  multi-photon  post-selection
circuits in quantum measurement; ii)  constructing a quan-
tum support  vector machine (qSVM) for supervised learn-
ing,  leveraging  quantum  embedding  to  enhance  classifica-
tion capability in a high-dimensional Hilbert space; and iii)
implementing  quantum -means  clustering  for  unsuper-
vised  learning,  improving  clustering  performance  through
similarity  estimation  between  quantum  states.  Our  experi-
ments demonstrate the feasibility of applying the proposed

variational  embedding  framework  to  diverse  tasks.  These
results  highlight  the  potential  of  implementing  quantum
embedding on photonic quantum circuit platforms, provid-
ing  an  exploratory  pathway  toward  practical  quantum
machine learning applications.

 Design and architecture

 Quantum embedding learning

(â2i−1, â2i) â2i−1

|0⟩i â2i
|1⟩i
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Quantum  embedding  refers  to  mapping  classical  data  into
quantum  states,  enabling  subsequent  quantum  algorithms
to  operate  within  the  Hilbert  space.  In  our  framework,  we
first employ dual-rail encoding at the physical level, where a
single  qubit  is  represented  by  a  photon  distributed  across
two  spatial  modes .  If  a  photon  enters  the 
path,  it  is  encoded  as ;  conversely,  if  it  enters  the 
path,  it  is  encoded as .  This  process  is  abstracted into a
feature  map  where  classical  data  are  embedded  into  the
Hilbert  space  by  applying  data-dependent  unitary  opera-
tions ,  such  as  rotation  gates  ( , ),  to  an  initial
reference state, yielding quantum states of the form 

|ϕ(x)⟩ = U(x)|0⟩ . (1)
To further enhance expressivity, we extend this mapping

to 

|ϕ(x)⟩ =W(⃗θ)U(x)|0⟩ , (2)
W(⃗θ)

θ⃗
where  corresponds to a physically implemented non-
linear  transformation.  The  vector  represents  trainable
variational parameters. The overall architecture is shown in
Fig. 1,  where  two  groups  of  classical  data  are  exemplified
using  triangles  and  squares.  Subsequently,  variational
photonic  circuits  are  employed  to  construct  a  hyperplane
via  quantum  embedding  learning,  enabling  the  separation
of the two data classes.

W(⃗θ)

U(x)

W(⃗θ) θ⃗

θ⃗

A schematic of the entire embedding process is provided
in Fig. 1(a).  In  practice,  the  weight  matrix  is  opti-
mized  in  the  variational  stage  to  realize  the  desired  quan-
tum algorithm. A cost function is first defined according to
the  task  objective,  after  which  the  input  data  are  encoded
onto  quantum  modes  via  unitary  transformations .
These states are then processed by the parametrized circuit

,  where  is  optimized.  The physical  implementation
is  illustrated  in Fig. 1(b).  Measurement  outcomes  are
obtained via  post-selection,  with  final  detection performed
by  single-photon  detectors  (Fig. 1(c)).  Detected  signals  are
fed back to the optimization routine, where gradient-based
algorithms  iteratively  update  to  minimize  the  cost
function.  The  resulting  quantum  states  are  represented
in the  Hilbert  space,  and  the  visualization  of  the  Bloch
sphere  confirms  that  the  two  data  classes  are  success-
fully distinguished.

 Variational photonic circuits
nWe present  a  framework  to  realize  an -qubit  quantum
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n
2n× 2n

(â2i−1, â2i)

W = (wi,j)

gate  or  input-output  process  using  photons  and  a
 linear  optical  network  circuit,  as  shown  in

Fig. 1(b).  Input  photons  are  encoded  in  dual-rail  format,
where  a  pair  of  adjacent  waveguide  path  modes 
constitutes a qubit. The linear optical circuit is described by

,  an  arbitrary  complex-valued  weight  matrix
enabling the implementation of post-selected entanglement.
The integrated circuit generates the Heisenberg evolution of
mode operators 

âi →
∑
j

wi,jâ′j . (3)

n
Cn

3n−1
n

2n

R
R = (ri,j) n× n W

The  input  state  can  be  any  individual  basis  state  or  a
weighted  combination  of  the -qubit  computational  basis.
In  contrast,  the  output  can  be  any  of  the  possible
outcomes from the probabilistic event where  photons are
distributed  across  waveguides.  Typically,  we  only
consider  computational  output  states  (Fig. 1(c)),  where
photons  simultaneously  appearing  on  both  waveguides  of
the  same  qubit  are  considered  invalid.  Similarly,  cases
where multiple photons appear on the same waveguide are
invalid  (and  are  indistinguishable  unless  photon-number-
resolving  detectors  are  used).  Given  an  input  state,  the
amplitude  of  each  output  state  can  be  computed  by  the
permanent  of  according  to  the  indistinguishability  of
bosons, where  is an  submatrix of .

R
X = (x1, x2, · · · , xn)

xi ∈ {2i− 1, 2i}

The  submatrix  is  constructed  as  follows:  Suppose  the
waveguide  index  of  the  input  state  is ,
where .  The  submatrix  for  the  output  state

Yj = (y1, y2, · · · , yn) j = 1, 2, · · · ,Cn
3n−1index  (where ) is

 

RX,Yj =


wy1,x1 wy1,x2 · · · wy1,xn
wy2,x1 wy2,x2 · · · wy2,xn
...

...
. . .

...
wyn,x1 wyn,x2 · · · wyn,xn

 . (4)

RThe amplitude of this output state is the permanent of 
 

perm(R) =
∑
σ∈Sn

n∏
i=1

rσ(i),i . (5)

R
σ Sn

1, 2, · · · , n Yj

By  expanding  the  input  Fock  state  under  this  operator
transformation,  the  output  amplitudes  for  indistinguish-
able  bosons  can  be  expressed  by  the  permanent  of  the
corresponding  submatrix .  The  sum  extends  over  all
elements  of the symmetric group  (all permutations of

). The probability of the output state  over the
entire set is
 

PX(Y
j) =

∥perm(RX,Yj)∥2
Cn3n−1∑
j=1

∥perm(RX,Yj)∥2
.

(6)

W

W

Because  can be non-unitary under loss or post-selec-
tion,  we  introduce  spectral  normalization  to  preserve
bounded  probabilities.  If  is  unitary,  the  denominator
sums to 1. For a superposed or entangled initial input state
composed  of  multiple  computational  input  states
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Fig. 1 | Schematic  diagram of  the quantum embedding learning architecture based on variational  photonic  quantum circuits.  (a)  Two classes of  classical
data  in  the  input  space  are  represented  by  triangles  and  squares.  Through  quantum  embedding  learning,  the  data  are  mapped  into  the  Hilbert  space,
where a trained hyperplane separates the two classes. The workflow involves constructing a cost function based on the task. Original data are mapped by

 and encoded via dual-rail encoding, then evolved through a weight matrix  with trainable parameters . The evolved states are measured via
post-selection, yielding probabilities on the chosen basis. These results are fed back into the optimization loop to update . (b) Physical implementation of

 through photonic waveguide circuits. (c) environment realized by single-photon detectors used to acquire output probabilities from the photonic
circuits. Yellow circles represent detected photons: a single yellow circle indicates one photon signal in the corresponding channel, two circles indicate two
detection events, while black indicates no photon detection.
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X =
∑
i

αiX
i

∑
i

α2
i = 1

Yj
∑
i

αi perm(RXi,Yj)

 (where ), the amplitude for output

state  is , and the probability is
 

PX(Y
j) =

∥
∑
i

αi perm(RXi,Yj)∥2

Cn3n−1∑
j=1

∥
∑
i

αi perm(RXi,Yj)∥2

. (7)

W ∥W∥ < 1

W
W = R1ΣR†

2 R1 R†
2

Σ = diag(λ1, · · · , λ2n)
λ1 ≥ . . . ≥ λ2n λ1 ≤ 1 Σ

W
∥W∥ = λ1 W̃ =W/∥W∥

W 1/∥W∥2n

n 1/∥W∥2n

If  is a random complex matrix ( ), the sum of
probabilities  will  be  less  than  1,  representing  photon  loss.
Using  singular  value  decomposition  (SVD),  an  arbitrary
complex-valued  matrix  can  be  decomposed  as

,  where  and  are  unitary  matrices  and
 contains  singular  values

. When ,  can be realized by applying
photon loss to each mode.  We normalize  by dividing it
by  its  spectral  norm ,  denoted  as .
The  success  probability  of  the  post-selection-based  trans-
formation  is 35.  This  means  that  the  success
probability  will  decrease  as  the  number  of  photons  (quan-
tum bits)  increases, and this decay is .

W

W

W

Using  this  framework,  we  map  the  circuit  design  prob-
lem  to  an  optimization  problem.  Given  a  desired  gate  or
input-output  relation  and  a  trainable  matrix ,  we  can
derive  the  output  probability  distribution  for  all  input
states. By training , we steer the output probability distri-
butions (or the loss function derived from them) toward the
target.  Training can be performed offline using the mathe-
matical  model  or  online  directly  on  the  photonic  circuits.
Given  the  limited  efficiency  of  multi-photon  coincidence
counting as photon numbers scale, an efficient strategy is to
pre-train  on  the  mathematical  model  to  obtain  a  coarse
solution for , followed by fine-tuning on the actual chip.

 Results

 Complete Bell projector
The  Bell  projector  is  an  indispensable  building  block  for
teleporting qubits, swapping entanglement, extracting error
syndromes,  and  driving  measurement-based  quantum
computation.  It  is  well  established that  conventional  linear
optical circuits without ancillas or squeezing cannot achieve
complete Bell state discrimination: at most, only two of the
four states can be unambiguously distinguished in a single-
shot  measurement.  This  limitation arises  from the bosonic
symmetry of photons and the linear nature of beam splitter
transformations.Here, we leverage the proposed variational
ansatz  to  design  a  Bell  projector  capable  of  distinguishing
all  four  Bell  states  in  a  single-shot  detection.  The  desired
correspondence  between  the  input  state  and  output  states
(coincidence bases) is  {∣∣ϕ+

⟩
→ |00⟩ (a′1a′3) ,

∣∣ϕ−⟩ → |01⟩ (a′1a′4) ,
|ψ+⟩ → |10⟩ (a′2a′3) , |ψ−⟩ → |11⟩ (a′2a′4) .

(8)

Consequently, the desired unitary operator in the Hilbert

space is 

U = |00⟩
⟨
ϕ+

∣∣+ |01⟩
⟨
ϕ−

∣∣+ |10⟩ ⟨ψ+|+ |11⟩ ⟨ψ−|

=
1√
2


1 0 0 1
1 0 0 −1
0 1 1 0
0 1 −1 0

 .
(9)

W
U

The  objective  is  to  find  a  linear  transformation  (on
waveguides)  to  realize  via  post-selected  entanglement.
This is achieved by solving the 16 equations described by 

perm

([
wsi(1),sj(1) wsi(1),sj(2)

wsi(2),sj(1) wsi(2),sj(2)

])
= Ui,j, (i, j ∈ {1, 2, 3, 4}) ,

(10)
s1 = (1, 3) s2 = (1, 4) s3 = (2, 3) s4 = (2, 4)where , , ,  and .

The set of equations can be unfolded as 

perm
([

w1,1 w1,3

w3,1 w3,3

])
= U1,1

perm
([

w1,1 w1,4

w3,1 w3,4

])
= U1,2

...

perm
([

w2,2 w2,3

w4,2 w4,3

])
= U4,3

perm
([

w2,2 w2,4

w4,2 w4,4

])
= U4,4

. (11)

W l2

1/∥W∥4

fk(k = 1, . . . , 4)

The  task  can  be  interpreted  as  finding  an  optimal  solu-
tion for  that minimizes the  loss between the terms in
Eq. 11. Additionally, we optimize the success probability by
incorporating  an  objective  to  maximize .  During
training,  we  record  to  measure  the
likelihood  of  obtaining  the  desired  output  state  for  each
Bell basis  

f1 =
Pϕ+ [s1]∑
k

Pϕ+ [sk]
, f2 =

Pϕ− [s2]∑
k

Pϕ− [sk]
,

f3 =
Pψ+ [s3]∑
k

Pψ+ [sk]
, f4 =

Pψ− [s4]∑
k

Pψ− [sk]
.

(12)

l2
fk W

f1 ≈ f2 ≈ f3 ≈ f4 ≈ 1/4
∼ 25%
W2

The  training  dynamics,  specifically  the  loss  and  the
recorded ,  are shown in Fig. 2(a,b) .  With the trained ,
the  four  Bell  states  exhibit  nearly  uniform  conditional
success probabilities  within the valid
subspace,  corresponding  to  the  balanced  distribu-
tion shown in Fig. 2(d). The resulting matrix  is 

W2 =


−1 0 0 1
1 0 1 0
1√
2

1√
2

− 1√
2

1√
2

1√
2

− 1√
2

− 1√
2

1√
2

 . (13)
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W

Psucc = 1/∥W∥2n

1/9

100%

Since  is  non-unitary,  the  success  probability  of  this
complete  Bell  projector  is  1/9.  Quantitative  analysis
confirms  that  the  trained  circuit  converges  to  a  success
probability  of ,  aligning  exactly  with  the
theoretical  value  of .  Furthermore,  the  conditional
discrimination  precision,  evaluated  over  successful  post-
selected  trials,  reaches  nearly  (Fig. 2(c,d)),  validating
the high fidelity of the learned operation.

 Quantum support vector machine
The quantum support vector machine (qSVM) addresses

complex  classification  problems  by  embedding  classical
data into a quantum-enhanced feature space where nonlin-
ear boundaries can be distinguished. Unlike classical SVMs
that  rely  on  explicit  feature  mapping,  the  qSVM  naturally
constructs  the  quantum kernel  function  through  the  inner
product of quantum states.

RX RY

The qSVM is particularly suited for handling one-dimen-
sional  datasets  that  are  non-overlapping  but  not  linearly
separable  (Fig. 3(a)).  Its  workflow  is  summarized  in
Fig. 3(b). Classical  input  features  are  encoded  into  quan-
tum states using  and  rotation gates. A parameterized
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ding  module  and  additional  unitary  layers.  The  system  is  then  measured  in  the  computational  basis  with  post-selection.  (c, d)  Kernel  matrix
heatmaps before and after training. Optimization significantly improves data distinguishability; red areas indicate higher similarity, while blue areas repre-
sent lower similarity. (e, f) Bloch-sphere mappings: before training, quantum state trajectories of different classes overlap; after training, the trajectories
are clearly separated, demonstrating that embedding reshapes the data geometry.
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U(x)W(⃗θ)embedding  module, ,  expands  the  feature  space,
and  additional  unitary  layers  evolve  different  inputs  along
distinct trajectories.

{00, 01, 10, 11}
i
x⃗i i j

The  system  is  measured  in  the  computational  basis,
yielding  probabilities  over  bases .  Each  data
point  is  represented  by  a  four-dimensional  probability
vector . The similarity between the -th and -th inputs is
quantified  by  the  inner  product  of  their  corresponding
vectors 

k(x⃗i, x⃗j) =
∣∣⟨xi|xj⟩∣∣2 , (14)

[0, 1]
K

Tij = yiyj
y ∈ {−1,+1}

K T

producing  a  kernel  value  within .  By  evaluating  all
pairwise inner products, the kernel matrix  is constructed.
The  kernel  matrix  can  be  visualized  as  a  heatmap.  Before
training, the heatmap shows that data points from different
classes are largely indistinguishable (Fig. 3(c)). To incorpo-
rate supervision, we define a cost function based on kernel-
target  alignment (KTA).  The label  matrix is  with

. The alignment is expressed as the Frobenius
inner  product  between  and ,  normalized  by  their
norms. The cost function is 

L = − ⟨K,T⟩F
∥K∥F ∥T∥F

. (15)

LMinimizing  encourages the quantum kernel to align with
the  label  structure.  After  optimization,  the  kernel  matrix
heatmap reveals a clear block structure (Fig. 3(d)),  demon-
strating that the qSVM effectively reshapes the data geome-
try.  This  is  further  confirmed  by  Bloch-sphere  mappings
(Fig. 3(e,f),  where  trajectories  corresponding  to  different
classes become clearly separated.

± 0.03 ± 0.05 ± 0.03

The  extension  to  a  two-qubit  circuit,  illustrated  in
Fig. 4(a) incorporates  a  matrix  to  generate  entanglement,
enhancing the model's  expressive power. This design maps
data  into  a  high-dimensional  Hilbert  space  (Fig. 4(b,c)),
where a linear decision surface projects back to a complex,
non-linear  boundary in the original  feature space,  forming
the foundation for enhanced classification. This theoretical
advantage  is  confirmed  by  the  quantitative  results  in
Table 1.  Our  photonic  qSVM  delivers  strong  accuracies  of
0.69  and 0.88  on the  single- and two-bit  datasets,  substan-
tially  exceeding  the  classical  linear  SVM  (0.63,  0.83)  and
approaching the peak accuracy of the more complex PEFM
model  (0.72,  0.91).  Crucially,  our  model's  lower  variance
(  vs.  PEFM's  and )  signifies  greater
stability.  A  key  strength  of  our  shallow  architecture  is  its
inherent  noise  resilience,  as  quantified  in Table 2.  Under
depolarizing  noise,  our  qSVM  sustained  only  a  minimal
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Table 1 | Classification accuracy comparison of classical and quantum SVM variants. Results are averaged over 10 random splits (mean ± std).
 

Model Single-bit (1D clusters) Two-bit (moons) Scalability Noise sensitivity

Linear SVM 0.63 ± 0.04 0.83 ± 0.02 Low Robust

Our-qSVM 0.69 ± 0.03 0.88 ± 0.03 Moderate--High Low

Photonic encoding feature map(PEFM) 0.72 ± 0.05 0.91 ± 0.03 Limited (kernel concentration) High

Parametrized quantum kernel(PQK) 0.67 ± 0.04 0.85 ± 0.04 High Moderate

Ren GH et al. Intell Opto-Electron 1, 250010 (2025) https://doi.org/10.29026/ioe.2025.250010

250010 (Page 6 of 10)

https://doi.org/10.29026/ioe.2025.250010


performance  loss  (0.88  to  0.83),  while  the  fidelity-based
PEFM  suffered  severe  degradation  (0.91  to  0.76).  This
robustness is a direct consequence of the low-depth, weakly
entangled  strategy  embodied  by  our  circuit  design.
The  training  dynamics  that  yield  these  results  are  visually
attested by the kernel matrices in Fig. 4(d,e). The evolution
from  a  noisy  to  a  clean,  block-diagonal  structure
demonstrates  the  successful  optimization  of  the  quantum
feature  space  to  maximize  class  separation.  Collectively,

the  visual  evidence  and  robust  metrics  establish  our  varia-
tional  photonic  qSVM  as  a  solution  offering  a  superior
balance  of  accuracy,  scalability,  and  noise  robustness  for
NISQ applications.

 Quantum K-means
KQuantum -means  (QKMeans)  performs  unsupervised

clustering  by  leveraging  quantum-enhanced  distance  esti-
mation  between  data  points  and  cluster  centroids.  The

 

Table 2 | Comparative analysis of classification accuracy (mean ± standard deviation) for quantum and classical models with and without noise.
 

Model Normal accuracy Noisy accuracy

Linear SVM 0.83 ± 0.02 0.83 ± 0.02
Our-qSVM (2q) 0.88 ± 0.03 0.83 ± 0.03
PEFM 0.91 ± 0.03 0.76 ± 0.05
PQK 0.85 ± 0.04 0.80 ± 0.04
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q0
q1
θm:n

H
M

framework is depicted in Fig. 5(a). Each classical data point
and  centroid  is  dual-encoded  into  quantum  states  (  and

) and processed by a variational circuit parameterized by
.  This  block  provides  non-linear  feature  transforma-

tions.  A  Hadamard  gate  ( )  and  measurement  operation
( ) extract the overlap between encoded states, estimating
the quantum distance 

d(xi, cj) ∝ 1−
∣∣⟨q0|q1⟩∣∣2 (16)

q0 q1
i xi j cj
Where  and  denote  the  quantum  states  encoding  the
-th  data  point  and  the -th  centroid ,  respecti

vely. The  measurement  result  determines  the  cluster
assignment,  and the centroid register  is  updated iteratively
until convergence.

K
K = 2

K K = 6 ∼ 10

K = 5

Clustering  results  for  different  centroid  numbers  are
presented in Fig. 5(b). For each , the algorithm converges
rapidly. When , clustering is unsatisfactory, as distant
points  are  grouped.  As  increases  (  ),  assign-
ments  align  well  with  data  distributions.  The  convergence
curves  (Fig. 5(c))  show  rapid  stabilization.  The  sum  of
squared  errors  (SSE)  exhibits  an  elbow  pattern  at 
(Fig. 5(d)), indicating the optimal number of clusters. These
findings verify that quantum-enhanced distance estimation
enables robust iterative clustering.

 Conclusion

W(⃗θ)

U(x)W(⃗θ)

This  work  proposes  a  framework  for  quantum  embedding
learning  on  variational  photonic  circuits,  integrating  dual-
rail encoding with a trainable, post-selection-enabled linear
network .  By  reformulating  circuit  synthesis  as  an
optimization  over  permanent-derived  probabilities,  the
method  enables  efficient  offline  and  online  training
compatible  with  NISQ  photonic  platforms.  Theoretically,
this framework unifies gate synthesis and embedding within
a  single  optimization  paradigm,  introduces  a  tunable
embedding  that  reshapes  data  geometry  in  the
Hilbert  space,  and  develops  a  quantum  distance  estimator
based  on  state  overlaps  that  links  quantum  similarity  to
iterative clustering dynamics.

K

Practically,  we  demonstrated  three  representative  tasks
with  quantitative  validation.  First,  we  implemented  a  non-
unitary  complete  Bell  projector.  The  experimental  results
align  precisely  with  theoretical  predictions  regarding
success  probability  and  achieve  near-perfect  conditional
discrimination accuracy, confirming the high fidelity of our
operation.  Second,  in  the  quantum SVM task,  our  shallow
photonic  architecture  proved  to  be  more  robust  against
experimental  noise  compared  to  existing  methods  such  as
PEFM  and  PQK.  Statistical  analysis  highlights  that  our
approach  achieves  a  superior  balance  between  high  mean
accuracy  and  low  variance,  ensuring  stable  classification
performance. Third, we demonstrated a quantum -means
algorithm  where  rapid  convergence  and  clear  clustering
structure (indicated by the SSE curve) validate the effective-
ness of our quantum-enhanced distance estimation.

W(⃗θ)

While our current results are based on numerical simula-
tions,  the  proposed  framework  is  amenable  to  integrated
photonic  implementation.  A feasible  setup could employ a
silicon  or  silicon  nitride  chip40,41 incorporating  on-chip
spontaneous  four-wave  mixing  sources  for  photon-pair
generation40,42, a programmable Mach–Zehnder interferom-
eter  mesh  with  thermo-optic  phase  shifters  to  realize  the
variational  transformation 43−45,  and  superconducting
nanowire  single-photon  detectors  for  post-selective  multi-
photon  coincidence  counting46,47.  An  FPGA-based  feed-
back  system  could  further  support  automated  parameter
tuning  and  real-time  optimization,  building  upon  existing
demonstrations of large-scale reconfigurable meshes35,48.

0.83 ± 0.03 0.88 ± 0.03
0.76 ± 0.05

0.80 ± 0.04

In  such  physical  realizations,  performance  may  be
affected  by  noise  sources  such  as  depolarizing  noise,
dephasing,  photon  loss,  and  measurement  noise.  Addi-
tional experiments on the two-qubit moons dataset confirm
that under depolarizing noise, our shallow photonic qSVM
retains  robust  accuracy  (  vs. ),
outperforming  both  PEFM  ( )  and  PQK
( ), which suffer greater degradation due to their
reliance  on  global  coherence  or  measurement  statistics.
These  results  validate  the  superior  noise  resilience  of
our  low-depth,  weakly  entangled  architecture  in  the
NISQ regime.

Furthermore,  the  variational  learning  framework
presented  here  is  not  limited  to  discrete-variable  systems
but  can  be  naturally  extended  to  the  continuous-variable
(CV)  domain.  In  this  setting,  programmable  quantum
circuits  are  realized  through  continuous-variable  quantum
neural  networks  (CV-QNNs)49,50,  where  Gaussian  opera-
tions —specifically  displacement,  squeezing,  and  beam-
splitter transformations—act as learnable affine transforma-
tions  on  the  phase  space.  Crucially,  to  achieve  universal
representational  power,  these  Gaussian  layers  are  inter-
leaved  with  non-Gaussian  operations,  such  as  the  Kerr
effect or cubic phase gates, acting as the continuous analog
to nonlinear activation functions. This extension is particu-
larly  promising  for  CV  quantum  communication,  where
variational  schemes  can  optimize  modulation  parameters
and compensate for channel noise in CV-QKD protocols51.
Moreover,  in  the  context  of  fault-tolerant  quantum
computing, such variational approaches offer a viable path-
way for  synthesizing non-Gaussian resource  states,  includ-
ing  Gottesman–Kitaev–Preskill  (GKP)  states,  which  are
essential for correcting errors in bosonic modes52.

Current limitations stem from the probabilistic nature of
post-selection  and  the  scaling  of  multi-photon  circuits.
Future  progress  will  rely  on  brighter  photon  sources,  low-
loss  interferometers,  number-resolving  detectors,  active
feedforward, and noise-aware training, extending this opti-
mization-based  design  to  boson  sampling,  non-Gaussian
state  engineering  (e.g.,  GKP  states),  and  hybrid  quantum-
classical models toward practical quantum advantage53.
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